Abstract. This article is concerned with homotopy properties of H-spaces X that are reflected in the module of indecomposables QH * (X; F p ). It is shown that mod p H-spaces X of finite type with finite transcendence degree mod p cohomology and locally finite QH * (X; F p ) are BZ/p-null spaces, Eilenberg-Mac Lane spaces
Introduction
The mod p cohomology of an H-space X is a Hopf algebra H * (X; F p ) that carries a compatible action of the Steenrod algebra A. The Steenrod algebra action is inherited by the module of the indecomposables QH * (X; F p ) and we are interested in homotopy properties of X that are reflected in this A-action, specially in the nonsimply connected case. In this article we will restrict our attention to the class of H-spaces X that satisfy the following finiteness conditions, (F 1) H * (X; F p ) is of finite type.
(F 2) H * (X; F p ) has finite transcendence degree.
(F 3) QH * (X; F p ) is locally finite as module over the Steenrod algebra.
Recall that a module over the Steenrod algebra is called locally finite provided any
A-submodule generated by a single element is finite (cf. [11] ). Since H-spaces are simple they are p-good in the sense of Bousfield-Kan [2] so, there will be no loss of generality if we assume all H-spaces to be p-completed.
If we further restrict to the case where the transcendence degree of H * (X; F p ) is actually zero, we end up with the class of BZ/p-null H-spaces of finite type. Recall
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Immediate examples of H-spaces that satisfy (F 1), (F 2) and (F 3) but are not
BZ/p-null are products of Eilenberg-Mac Lane spaces K(Ẑ p , 2) and K(Z/p k , 1). A product of a finite number of copies of these Eilenberg-Mac Lane spaces is the pcompleted classifying space of a compact abelian Lie group and it is usually called an abelian p-toral group. Our main result generalizes [3, 4] to the non-simply connected case and establishes the precise sense in which these examples are the only difference between these classes of H-spaces. Theorem 1.2. Let X be a connected H-space. If X satisfies (F 1), (F 2) and (F 3), then there exists a principal H-fibration
where F (X) is a BZ/p-null H-space of finite type and P is an abelian p-toral group.
Condition (F 2) is the matter of discussion. We first observe that if a connected Hspace X satisfies (F 1) and (F 3), then H * (X; F p ) has transcendence degree zero if and only if it is locally finite as A-module. Theorem 1.2 is thus interpreted as a reduction of the case of finite transcendence degree to the case of transcendence degree zero.
On the other hand we are not aware of any example of an H-space satisfying (F 1) and (F 3) but not (F 2).
It is worth mentioning that H-spaces with noetherian mod p cohomology algebra fit in the conditions of the above Theorem. Next Theorem improves the conclusion in such cases. Theorem 1.3. Let X be a connected H-space. If the mod p cohomology ring
Structure theorems for simply connected H-spaces with noetherian mod p cohomology already appeared in [3] for the 2-local version and in [4] for the odd primary case.
Notice that in the non-simply connected situation and according to theorems 1.2, 1.3 the possible extensions of mod p finite H-spaces that still have noetherian mod p cohomology can only be obtained by killing part of the three dimensional homotopy.
More generally, we are allowed to kill two and three dimensional homotopy classes of BZ/p-null spaces if we want to end up with H-spaces satisfying (F 1), (F 2), and (F 3).
While dealing with non-simply connected spaces a new interesting sort of extension comes into the picture. Rather than killing homotopy classes we can enlarge the fundamental group. The extreme case is that of H-spaces having BZ/p-null universal cover, or even mod p finite universal cover.
Example 1.4. The fundamental group of the compact Lie group SO(3) is Z/2. Now for any n > 1 consider the projection Z/2 n ¹ Z/2 and define the H-space F by the pull-back diagram
so that we have modified the fundamental group of SO(3) to π 1 (F ) = Z/2 n , while the universal cover is still the three sphere S 3 . One computes but F does not split as S 3 × BZ/2 n . In fact, using Miller's theorem [9] one shows that a section of F ¹ BZ/2 n would factors through BZ/2 n−1 , the homotopy fibre of F ¹ SO(3). And this is not possible.
Theorem 1.5. Let X be a connected mod p H-space of finite type, then its universal cover is BZ/p-null if and only if it fits in a homotopy pull-back diagram
where F (X) is a BZ/p-null H-space and ρ : 
with the relation
2 Z/p k with 0 < s < k and let X be the homotopy fibre of this map. We have an H-fibration sequence
Hence we have non-trivial classes x 1 ∈ H 1 (X; F p ) and x 2 ∈ H 2 (X; F p ) linked via β (s) and also
The Serre spectral sequence with coefficients in Z/p collapses at the E 2 term, and we obtain
Notice that in this example we combine the two facts mentioned above, on the one hand the fundamental group has been enlarged and on the other hand we have killed some classes in π 2 (X).
One may ask if the space X constructed above is homotopy equivalent to the product Y × ΩY . Observe that the answer is no. On the one hand we know that F (X) = S 3 {p r } which is simply connected. On the other hand, since the functor F commutes with products
but ΩY is already BZ/p-null, so that F (ΩY ) = ΩY and this is not simply connected.
Recall that the functor F preserves many of the structures that one likes to attach
to an H-space and therefore the above theorems apply directly to H-spaces with additional structure. One outstanding example is that of loop structures. We have therefore obtained structure theorems for mod p loop spaces under conditions (F 1), (F 2), and (F 3), or with noetherian mod p cohomology.
The paper is organized as follows. Section §2 is devoted to the general theory of BP -principal fibrations of H-spaces. In section §3 we describe the relationship between the mod p cohomology of an H-space of finite type and that of its universal cover and derive the proof of theorems 1.5 and 1.6. In Section 4 we prove theorems 1.2 and 1.3. All spaces will be considered p-complete in the sense of Bousfield-Kan.
will stand for mod p cohomology.
BP -principal H-fibrations
In this section we look at the question whether or not a fibration with fibre the classifying space of an abelian p-toral group BP 2. For any p-toral group P and any map f : BP ¹ X, the evaluation
is a homotopy equivalence.
Proof. We first prove that 1 implies 2. Since X is a connected H-space it admits a homotopy inverse that is inherited by the mapping space Map(BP, X), hence all of its connected components are homotopy equivalent, and it will be enough to show the equivalence of condition 2 for the case of the constant map f = c : BP
If P is elementary abelian, the result is already stated in [3] and follows from [5] or [11, 3.9.7] . For finite p-groups P we argue by induction on the order of P . If the order is small enough P is elementary abelian. Otherwise we can write a central extension Z/p ¹ P ¹ P/(Z/p) and the Zabrodsky's lemma [13, 9] applies, so that
this last by induction hypothesis.
Finally, if P is a p-toral group, we choose a discrete approximation; that is, a sequence {P k } of finite groups ordered by inclusion such that the inclusion k P k = P ∞ ¹ P induces a mod p cohomology equivalence in the level of classifying spaces.
That is to say hocolim k BP k ¹ BP is a homotopy equivalence after completion and then
Since every P k is a finite p-group, we have a homotopy equivalence, induced by eval-
thus holim k Map(BP k , X) c contains just one component and 3. For any other abelian p-toral group P , the induced homomorphism
is injective.
Proof. Assume first condition 1. X that supports an action of the topological group BP . We define the homotopy quotient as
and we have a sequence of fibrations
In what follows we will show that X hBP is an H-space and the maps g and h are H-maps. Furthermore, the sequence (2) is the only way to complete f : BP ¹ X to a sequence of fibrations. Proof. We use an argument similar to that of [3, 2.5]. Proposition 2.5 provides a homotopy equivalence Map(BP × BP, X hBP ) c X hBP . Then, the diagram
is completed by the map m X hBP due to Zabrodsky's lemma. Hence X hBP becomes an H-space and g an H-map.
That X hBP satisfies (F 1) follows from the Serre spectral sequence. Propositions 2.1 and 2.5 imply that X hBP satisfies condition (F 3). Finally, if Y is an H-space Proposition 2.6 applies and hence k is an H-map.
Theorem 2.8. Let X be a connected mod p H-space that satisfies conditions (F 1) and (F 3). If P is an abelian p-toral group and f : BP ¹ X a mod p homotopy injective H-map, the extension
provides an H-fibration sequence.
Proof. We have just to check that the map h is an H-map. An abelian p-toral group P is the product of a p-completed torus T and a finite abelian p-group Q. Thus, we can write two components
Since g is an H-map, g • h Q * and the induced map π 1 (X)
an epimorphism, we can apply proposition 2.3.1 in [12] and conclude that h Q is an
H-map.
Let us turn our attention to h T . Notice that if B 2 p T is the projection from B 2 P
to B 2 T then h T factors as the composition B 2 p T • h and this extends to a diagram of fibrations
Since the upper row fibration fits in the conditions of propositions 2.6 and 2.7, F
is an H-space,ĝ is an H-map and furthermore j is an H-map.
T satisfy the conditions of proposition 2.3.1 in [12] , namely the composition is null-homotopic and by inspection of the Serre spectral sequence, j induces in homology an isomorphism in degree one and an epimorphism in degree two, hence h T is an H-map.
Universal covers
Let X denote a connected mod p H-space with finite type mod p cohomology. The fundamental group will be a finitely generatedẐ p -module
LetX denote the universal cover of X. The fibrationX
H-fibration and its Serre spectral sequence shows that j * :
is an isomorphism and j * :
is a monomorphism. The image the argument in the proof of [10, thm. 7.11] proves in our case that there is a then the above sequence splits to give H * (X) ∼ = A ⊗ E[z 1 , . . . ,z s ], but this is not clear for p = 2. In any case H * X turns out to be generated by z 1 , . . . , z s as an A-module.
Proposition 3.1. The mod p cohomology of a connected mod p H-space of finite type X is described as
A is a finite 1-connected Hopf algebra ifX is mod p finite, or
2.
A is a locally finite 1-connected A-Hopf algebra ifX is BZ/p-null.
Proof. Follows from (6)
Proposition 3.2. Let X be a connected mod p H-space of finite type. Then, its universal coverX is also a mod p H-space of finite type and
H * (X) is noetherian if and only if H
2. H * (X) has finite transcendence degree if and only if H * (X) has finite transcendence degree.
3. QH * (X) is locally finite if and only if QH * (X) is locally finite.
Proof.
(1) and (2) follow from the description of H * (X) and H * (X) in (5) and (6) .
The proof of (3) is same involved. Although it could be obtained in a purely algebraic setting it seems to us more immediate a topological argument. From (5) and (6) and the fact that maps out from BV are controlled by mod p cohomology, we obtain that the sequence
is exact for every elementary abelian p-group V . Hence we have a fibration
Evaluation gives a homotopy equivalence Map(BV, Bπ 1 (X)) c Bπ 1 (X) and then Proof of Theorem 1.5. If X fits in a pull-back diagram like (1), its universal cover is homotopy equivalent to that of F (X) and this last is BZ/p-null by hypothesis.
Assume now thatX is BZ/p-null. In particular H * (X) is a locally finite A-module and according to equation (6
¹ H * (X)} is also a locally finite A-module and H * (X) is described according to (5)
with A a locally finite 1-connected A-Hopf algebra.
Notice that the factor P [v s+1 , . . . v k ] is what prevents the mod p cohomology of X from being locally finite and this factor is inherited from H * (Bπ 1 (X)), more precisely from the cohomology of the torsion part of π 1 (X).
Our objective is to eliminate such polynomial generators. Fix v to be one of those.
Nil-localization provides a map of A-Hopf algebras 
where E is the Borel construction Map(BZ/p, X) f × BZ/p EBZ/p (see [3] and [4] for the details) that in turn extends to a pull-back diagram
where j X • f is non trivial and π 1 (E) ∼ = π 1 (X)/Z/p.
Notice that j X • f is non-trivial because the generator v ∈ H * (X) detected by f was inherited from H * (Bπ 1 (X) ). Now, the same construction applies to
¹ Bπ 1 (X) and gives the fibration in the right column of the diagram 7. Finally the two fibration fit together by naturality of the construction. Now observe that the H-space E satisfies the same conditions as X namely, it is connected, mod p H-space of finite type and its universal coverẼ X is BZ/p-null.
Hence, in case it is not yet BZ/p-null we can iterate the same construction. We obtain, in this way, a sequence of H-spaces and H-maps
where E k and E k+1 are related by a pull-back diagram
where again
Since the torsion part of π 1 (X) is finite, and at each step we reduce the torsion part of the fundamental group this process will finish at a finite stage E m that will be a BZ/p-null connected mod p H-space.
Gluing together all the sequence of pull-backs we obtain
where Bπ 1 (X)
with kernel a finite abelian p-group.
In order to finish the proof of Theorem 1.5 we only need to show that E m is obtained functorially from X as F (X). This follows from basic properties of the nullification functor that can be found in [6] . Since P BZ/p annihilates BZ/p, each fibration BZ/p
. But E m is already BZ/p-null, and then
Proof of Theorem 1.6. If F (X) is mod p finite, then its universal coverF (X) is mod p finite too. If we assume in addition that there is a pull-back diagram
Bρ then we have thatF (X) coincides with the universal cover of X.
Conversely, assume thatX is mod p finite, in particular BZ/p-null. Hence Theorem 1.5 applies and we obtain a diagram like the one above, thus proving that the universal cover of F (X) is homotopy equivalent toX. Since F (X) is a BZ/p-null Hspace of finite type, Proposition 1.1 implies that H * (F (X)) has transcendence degree zero and then Proposition 3.1 together with equation 5 gives
with A finite. In particular F (X) is mod p finite.
Proof of the Main Theorem
This section is devoted to the proof of our structural results for connected H-spaces with the prescribed finiteness conditions (F 1), (F 2), and (F 3), that is, Theorems 1.2 and 1.3. We first need to establish the statement that fibrewise localization [6] preserves H-fibrations.
Lemma 4.1. If X → E → B is an H-fibration, then its fibrewise localization F (X) →Ē → B is also an H-fibration. Furthermore, the induced map E ¹Ē is also an H-map.
Proof. By the naturality of the fibrewise localization and by using the homotopy equivalence F (X × Y ) F (X) × F (Y ).
Proof of Theorem 1.2. Assume X is a connected H-space such that its mod p cohomology satisfies conditions (F 1), (F 2) and (F 3). We can write its universal cover and its fundamental group in an H-fibration sequencẽ X → X → Bπ 1 (X) .
According to Proposition 3.2 the mod p cohomology ofX satisfies also the conditions (F 1), (F 2) and (F 3) and then the results of [3, 4] apply. There is then an H-fibration
where P is an abelian p-toral group, and F (X) is a simply connected BZ/p-null H-space.
Fibrewise localization of the fibration (8) 
Notice that the existence of the H-fibration sequence in the middle row is not immediate but rather follows from Theorem 2.8. Indeed,X X hBP .
Observe also that it follows from the above diagram that F (X) is homotopy equivalent to the universal cover ofX, and so, therefore Theorem 1.5 applies. We obtain a pullback diagram
where BQ is the classifying space of a finite abelian p-group Q. Now (10) and (11) combine to a diagram of fibrations
where W is the homotopy fibre of the map X → F (X). From the fibration BP ¹ W ¹ BQ we deduce that W BP is the classifying space of a p-toral group and since W is the fibre of an H-map it is itself an H-space, and therefore P is an abelian p-toral group.
Finally F (X) F (X) and by Theorem 2.8 we obtain the required H-fibration
Proof of Theorem 1.3. Assume now that H * (X) is noetherian. In particular X satisfies conditions (F 1), (F 2), (F 3), and so, in particular, the arguments in the proof of Theorem 1.2 above apply. Now, by Proposition 3.2 one has that H * (X) is also noetherian. Hence following [3, 4] , F (X) is a finite H-space. But F (X) is homotopy equivalent to the universal cover ofX, hence Theorem 1.6 applies and we get that F (X) F (X) is mod p finite.
